CROSSED PRODUCT TENSOR CATEGORIES 



CESAR GALINDO 

Abstract. A graded tensor category over a group G will be called a crossed 
product tensor category if every homogeneous component has at least one mul- 
tiplicatively invertible object. Our main result is a description of the crossed 
product tensor categories, graded monoidal functors, monoidal natural trans- 
formations, and braidings in terms of coherent outer G-actions over tensor 
categories. 



1. Introduction 

A G-graded ring A = ®„^g called a G-crossed product if each A^, has 

an invertible element. Some important classes of rings like skew group-rings and 
twisted group-rings are special cases of crossed product rings. One of the basic 
examples is the group algebra of a group F, it is graded by a quotient group of 
F, see [H Subsection IIC]. In this case the theory of representation of F can be 
analyzed using Clifford theory, see [H Subsection 11 A]. 

In analogy with graded rings, a G-graded tensor category (see Subsection 12. Sp 
C — ©ctsG ^^-^^ called G-crossed product tensor category, if there is an in- 
vertible object in each homogeneous component of C. 

The graded tensor categories appear naturally in classification problems of fusion 
categories and finite tensor categories [5] , [8] . One of the most interesting examples 
of G-crossed product tensor categories is the semi-direct product tensor category 
associated to an action of a group over a tensor category, see |14j . Semi-direct tensor 
product category has been used in order to solve an important open problem in 
semisimple Hopf algebras theory [13] . 

In [5] was proposed a Clifford theory categorification for crossed product ten- 
sor categories, in order to describe simple module categories in terms of subgroups 
and induced module categories. We stress that in j9] crossed product tensor cate- 
gories were called strongly graded tensor categories. Recently, G-graded fusion cate- 
gories (that include crossed product fusion categories) were classified by Etingof, 
Nikshych, and Ostrik in [71, using invertible bimodule categories over fusion cate- 
gories. 

The crossed product rings are commonly described using crossed systems [12j . 
Crossed systems can be interpreted in terms of monoidal functors in the following 
way: if A is a ring, let we denote by Out(A) the monoidal category (in fact, it is a 
categorical-group) of outer automorphisms, were the objects are automorphisms of 
A, and the arrows between automorphisms a and r are invertible elements a £ A, 
such aa{x) = T{x)a for all x £ A. Given a group G, the data that define G-crossed 
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systems are the same as the data that define monoidal fmictors from G to Out{A), 
where G is the discrete monoidal category associated with G. 

We develop crossed product system theory for crossed product tensor categories 
using higher category theory. If C is a tensor category, the bicategory Bieq(C) is 
a monoidal bicategory (in fact, it is a weak 3-group). So, a G-crossed system or 
coherent outer G- action over C must be a trihomomorphism from G (the discrete 
3-category associated to G, see Remark [53]) to Bieq(C). 

The main goal of this paper is to describe the 2-category of G-crossed pro- 
duct tensor categories in terms of coherent outer G-actions over a tensor category 
(Theorem 14. ip . and describe the braidings of G-graded tensor categories. 

The organization of the paper is as follows: in Section [2] we recall the main 
definitions of bicategory theory, as well as the definitions of categorical-groups, 
graded tensor categories, and the monoidal structure over Bieq(C). In Section |3] we 
define incoherent and coherent outer G-actions over a tensor category C, and we 
show an explicit bijective correspondence between equivalence classes of G-crossed 
product tensor categories and coherent outer G-actions. In Section |4] we show a 
biequivalence between the 2-category of crossed product tensor categories and the 
2-category of coherent outer G-actions. Finally, in Section[5]we give some necessary 
and sufficient conditions for the existence of a braiding over a crossed product tensor 
category. 

2. PRELIMINARIES 

2.1. General conventions. Throughout this article we work over a field k. By a 
tensor category (C,(8),a,/) we understand a /c-linear abelian category C, endowed 
with a /c-bilinear exact bifunctor (g) : C xC — > C, an object / e C, and an associativity 
constraint av,w,z ■ {V W) (g) Z — >• F (g) {W ® Z), such that Mac Lane's pentagon 
axiom holds V i^^ I = I V = V , av,i,w = idy^w for all V,W G C and 
dimfcEndc(/) = 1. 

We shall considerer only monoidal categories which constraint of unit are identi- 
ties. So, without loss of generality, we shall suppose that for every monoidal functor 
{F,i{}) : C ^ V, we have F{Ic) = Iv and ij^vj = 4>i,v = idvj since each monoidal 
functor is monoidally equivalent to one with these properties. 

2.2. Bicategories. In this section we review some definitions on bicategory theory 
that we shall need later. We refer the reader to [3] for a detailed exposition on the 
subject. 

Definition 2.1. A bicategory B consists of the following data 

• a set Obj(i3) (with elements A,B,... called 0-cells ), 

• for each pair A,Be Ohj{B), a category B{A,B) (with objects V,W,... 
called 1-cells and morphisms f,g,... called 2-cells), 

• for each A,B,C E Obj(S), a bifunctor 

o^^^ : BiA,B) X BiB,C) ^ B{A,G), 



• for each 0-ceU A e Obj(i3), a 1-cell I a e B{A, A), 
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• for each A, B,C,D G Obj(B), natural isomorphisms (constraint of associa- 
tivity) 

^A,B,C,D . „3ABD(_-BCD_) ^ ^_-ABC_pACD_ . 

B{A, B) X B{B, C) X B{C, D) B{A, D). 

Subject to the following axioms 

• coherence of the associativity: if (S*, T, U, V) is an object in B{A, B) x 
B{B, C) X B{C, D) X B{D, E), the next diagram commutes 



So{To{UoV)) 



^S,T,UoV 



idQ(XT,U,V 



{SoT)o{UoV) 



So{{ToU)oV) 



OlSST,U,V 



{{SoT)oU)oV ^ 



• coherence of the unity 

If a is the identity, wc have {SoT)oU = So[ToU) and similarly for morphisms, 
in this case we shall say that i3 is a 2-category. 

A monoidal category (C, 0, a, I) is the same as a bicategory with only one 0-cell, 
and in this case o = (g). 

Definition 2.2. Let B = (o, /, a) and B' = (o, J',q') be bicategories. A pseudo- 
functor $ = {F, (p) from B to B' consists of the following data 

• a function F : Obj(S) ^ Oh}{B'), A ^ F{A), 

• for each pair A,Bg Obj(S), functors 

Fab ■■ B{A, B) ^ B'{F{A), F{B)), S ^ F{S), f ^ F{f), 

• for each triple A,B,Cg Obj(S), a natural isomorphism 



Subject to the following axioms 
(i) Faa{Ia) = I'f^av 
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(ii) if {S,T,U) is an object in B{A,B) x B{B,C) x B{C,D), the following 
diagram commutes (where the indexes have been omitted) 

F(a) 



F{So{ToU)) - 
F{S)oF{ToU) 
F{S)o{F{T)oF{U)) 



' F{{SoT)oU) 
F{SoT)oF{U) 
{F{S)oF{T))oF{U) 



(iii) if S is an object in B{A,B), then iAs./b = idF(S) and ipiA,S = for 
each pair of 0-cells A,Be Obj(i3). 

Remark 2.3. (1) The notion of pseudofunctor can be in some manner dualized 
by reversing the direction of the 2-cells Fa,b, this notion will be called 

op-pseudofunctor. 

(2) A pseudofunctor between monoidal categories is just a monoidal functor 
and an op-pseudofunctor is an op-monoidal functor. 

Definition 2.4. Let F,G : Bo ^ Bi be pseudofunctors between bicategories Bq 
and Bi. A pseudonatural transformation a : F ^ G, consists of the following data 

• for each A € Obj(Bo), 1-ceIls aA € Bi{F{A),G{A)), 

• for each pair A,B& Obj(Bo), and each 1-cell V S Bo{A,B) a natural 
isomorphism 

such that 0-7^ = idiA for all A e Obj(Bo) and for all S G BoiA,B), T e Bo(B,C), 
the following diagram 

F{ST)a — ^ aG{ST) 



^ oid„ 

" . — —. 

F{S)F{T)a F{S)aG{T) % aG{S)G{T) 

commutes (where associativity constraint, indexes, and the symbols o between ob- 
jects have been omitted as a space-saving measure). 

Remark 2.5. Again, the notion of pseudonatural transformation can be dualized 
by reversing the order of the natural isomorphisms ay, this notion will be called 
op-pseudonatural transformation. 

Pseudonatural transformations may be composed in the obvious way. If a : 

F ^ G, and t : G ^ H arc pseudonatural transformations, then we define a new 
pseudonatural transformation aor : F — >■ ff by ((Tor)^ = ctaota, and {(7ot)v is 
defined by the commutativity of the diagram: 
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F{V)o{aAOTA) 
{F{V)oaA)oTA 



{aBOTB)oH{V) 

aBo{TBoH{V)) 



{aBoG{V))oTA '^■"^''''■^^^ aBoiG{V)oTA) 



where the index have been omitted. 

A modification between two pseudonatural transformations T : a ^ a, consists 
of 2-cells Ta: (TA^ cta in Bi{F{A),G{A)), such that for all 1-cell V G Bo(A,B) 
the diagram 



F''^{V)oaB 



aAoC'^iV) 



idoFB 



r^oid 



dAoG^'^iV) 



commutes. 



2.3. The Monoidal bicategory Bieq(C) of a tensor category. Given a pair of 
bicategories B and B' , we can define the "functor bicategory" whose 0-cells 

are pseudofunctors B ^ B', whose 1-cells are pseudonatural equivalence, and whose 
2-cells are invertible modifications. 

The bicategory [B, B'] is not usually a 2-category, because composition of 1-cells 
in [B, B'] involves composition of 1-cells in B' , but in the case that B' is a 2-category, 
[B, B'] is a 2-category. 

When B = B' , the bicategory [B,B] will be denoted by Bieq(S), and it has 
a monoidal structure in the sense of [10 . Now, we shall describe the monoidal 
bicategory Bieq(C) associated to a tensor category (C, 0, /). 

The tensor product (g) of monoidal endofunctors is defined by the composition 



of monoidal functors. If 



):K~^K', 



H ^ H' are pseudonatural 



transformations, the tensor product (0', 0'(^_^)'SS{0, ^(-)) '■ KH K'H' is defined as 
{&', 6'(_)) := {K{0) (X) 9', 0'W), where 9'W is given by the commutativity 

of the following diagram 



KH{V)^K{e) 



V'jr(v),e«>i<ie' 



K{e)®e' ®K'H\v) 



idjf (8) 06h'(v) 



K{H{v) ®e)®e' > K{e ® h'{v)) ® e^-—-^ k{9) ® k{h'{v)) ® e' 



The tensor product of modifications g and / is defined as g®f :— K{f) ® g. 
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If xi = {d, ^(-)) : F ^ F' and X2 = {0' , : H ^ H' are pseudonatural trans- 
formations, where F, F' , H, H' : C ^ C are nionoidal functors, then the comparison 



constraint 




F' oH 



J|cxi,x2 F'oH' 




FoH' 

is given by 

c^^_^^ 6*-/ : 6* F'{9') -> i^(e'') (g) 61. 
The constraint of associativity a/_g_h : [f ® g) ® h ^ f ® {g ® h) oi the tensor 
product of pseudonatural transformations f : K K' , g : H ^ H' , h : G ^ G' is 
given by the modification 

i^HW^g ® id/ : KHih) ® ® / ^ if ® 5) ® /, 

and it is easy to see that a satisfies the pentagonal identity. 

Remark 2.6. The data (TD6), (TD7), and (TD8) of [10 , in the monoidal bicategory 
Bieq(C) are trivial, since we only considerer monoidal functor (F, ijj) : C ^ C such 
that F{I) = / and ipvj = i^LV = idy, for aU V eC. 

The category Bieq(C)(idc, idc) is exactly the center of C, i.e., the braided monoidal 
category Z{C), see [TTJ pag. 330]. 

2.4. Categorical-groups. A categorical-group 5 is a monoidal category where 
every object, and every arrow is invertible, i.e. for all X e Obj(t/) there is X* G 
Obj(^), such that X®X*=X*^X = I. We refer the reader to [T] for a detailed 
exposition on the subject. 

A trivial example of a categorical-group is the discrete categorical-group G, as- 
sociated to a group G. The objects of G are the elements of G, the arrows are only 
the identities, and the tensor product is the multiplication of G. A more interesting 
examples is the following. 

Example 2.7. Let G be a group, A a G-module, and ui G Z^{G,A) a normalized 
3-cocycle. We shall define the category C{G,A,u!) by: 

(1) Obj(C(G,Ac^)) = G, 

(2) Homc(G,A,c.)(5, = { if 5 ^ t 

We define a monoidal structure in C(G, A,uj) as follows: 

Let g e End (a) and h G End (6), a,b e A, g,h e G. Thus, a (g) = a + ^ 6 and 
g ®h = gh. We define the associator as ^g^h,k = '^{Si h, k). 

The 3-cocycle condition is equivalent to the pentagon axiom, and the condition 
of normality implies that e is the unit object for this category. 

Complete invariants of a categorical-group G with respect to monoidal equiva- 
lences are 

where tto^Q) is the group of isomorphism classes of objects, ni{Q) is the abelian 
group of automorphisms of the unit object. The group ni{g) is a 7ro(^)-module in 
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the natural way, and (f>{Q) is a third cohomology class given by the associator, see 
[U Subsection 8.3] for details on how to obtain 4>{G). 

HQ is a categorical group by [U Theorem 43] there is an equivalence of monoidal 
categories between Q and C{tto{G) , ni{G) , (j)) , where ^ is a 3-cocycle in the class (j){G)- 

Also, it is easy to see that there is a bijective correspondence between monoidal 
functors 

F ■.C{G,A,Lj) -^C{G',A',Lj') 
and triples (7ro(F), tti (F), 0(F)) that consist of: 

• a group morphism 7ro(F) : G G', 

• a G- module morphism 7ri(F) : A ^ A' , 

• a normalized 2-cochain k{F): G^ — > A' , such that dk{F) = 7ri(F)cj — 

For monoidal functors F, F' : C{G,A,Ld) — ^ C{G' , A' ,uj'), there is bijective cor- 
respondence between monoidal natural isomorphisms 9 : F F' and normalized 
1-cochains piO) : G ^ A', where dp{e) = k{F) - k{F'). 

The next result follows from the last discussion or from 1] Theorem 43]. 

Proposition 2.8. Let Q be a categorical group and let f : G T^oiG) be a morphism 
of groups. Then there is a monoidal functor F : G ^ G, such that f = ttq{F) if 
and only if the cohomology class of (fif^ is zero, where (f> is a 3-cocycle in the class 

m- 

If (j)f^ is zero, the classes of equivalence of monoidal functors F : G G such 
that 7ro(F) = / are in one to one correspondence with H'^{G,tti{{G)))- 

□ 

2.5. Crossed product tensor categories. Let G be a group and let C be a tensor 
category. We shall say that C is G-graded, if there is a decomposition 

C — (Bx£gCx 

into a direct sum of full abelian subcategories, such that for all a,x G G, the 
bifunctor (g) maps x Cx to C^x, see [5]. 

Definition 2.9. Let C be a tensor category graded over a group G. We shall say 
that C — ^g-^aCa- is a crossed product tensor category over G, if every Co- has a 
multiplicatively invertible object. 

Given a group G, we define the 2-category of G-crossed product tensor categories. 
The 0-cells are crossed product tensor categories over G, 1-cells are graded op- 
monoidal functors, i.e., op-monoidal functors F : C ^ T) such that F maps C„ to 
2?(j for all a ^ G, and 2-cells are monoidal natural transformations between the 
graded op-monoidal functors. The composition of 1-cells and 2-cells is the obvious. 

Remark 2.10. The existence of some extra properties of a crossed product tensor 
category C, can be deduced from the tensor subcategory Cg. For example C is 
semisimple or rigid if and only if Ce is semisimple or rigid. However, if Ce is a 
braided tensor category, not necessary C is braided, see Section [5] 

A crossed product tensor category C is a fusion category 5 or finite tensor 
category [8], if and only if G is finite, and Cg is a fusion category or a finite tensor 
category, respectively. 
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3. Outer G-actions over tensor categories 

3.1. Incoherent outer G-actions. Let C be a tensor category. We define the 
categorical-group 20ut(^{C), where objects are monoidal autoequivalences of C, 
and arrows are equivalence classes of invertible pseudonatural isomorphisms up to 
invertible modifications. The composition of arrows in 20ut^{C) is the equivalence 
class of pseudonatural isomorphisms composition, and the tensor product is the 
composition of monoidal functors and pseudonatural transformations. 

Definition 3.1. Let G be a group and let C be a monoidal category. An inco- 
herent outer G-action over C, is an op-monoidal functor * : G — ?> 20ut^(C). Two 
incoherent outer G-actions are equivalent if the associated monoidal functors are 
monoidally equivalent. 

We shall analyze the incoherent outer G-action using the Subsection 12.41 Com- 
plete invariants for the categorical group 20ut^{C) are TTo{20ut^{C)) the equiva- 
lences classes of monoidal functor under invertible modification, Tri{20ut^(C)) = 
Inv{Z(C)) the abelian group of isomorphisms classes of invertible objects of the cen- 
ter of C, and a third cohomology class (/)(2OMt0(C)) e H^{Troi20ut,g,{C)), Inv{Z{C))). 

Every incoherent outer G-action over a tensor category induces a group mor- 
phism f : G ^ 7ro(20ut^(C)). We shall say that a group morphism f : G ^ 
no(20ut,^{C)) is realizable if there is some incoherent outer G-action such that the 
induced group morphism coincides with /. 

Proposition 3.2. Let G be a group and let f : G ^ TTQ(Out^{C)) be a group 
morphism. Then there is an incoherent outer G-action over C that realize the 
morphism f if and only if the cohomology class of (j)f^ is zero, where (j) is some 
3-cocycle in the class of (j){20ut(g,{C)). 

If<pf^ is zero, the classes of equivalence of monoidal functors F : G^ 20ut^{C) 
such that ttq{F) = f are in one to one correspondence with H^{G, Inv{Z{C))). 

Proof. See Proposition 12.81 □ 

3.2. Coherent outer G-actions. Let C be a monoidal category and let : G 
20ut^{C) be an incoherent outer G-action. We define a crossed system associated 
to F as the following data 

• monoidal functors {a^.,■^p°'') : C — > C for all G G, 

• pseudonatural isomorphisms {Ua-,T, Xo-,t) : o — > (ctt)* for all a,T ^ G, 

• invertible modifications uJa.T.,p ■ Xcr,Tp°{^da,^XT,p) ^ Xo-r,po(XCT,T®idp. ) for 
all (7, T, p e G. 

that realize the incoherent outer G-action F (recall that the symbol o is the com- 
position of 1-cells in the bicategory Bieq(C)). 

Remark 3.3. (1) By abuse of notation, we write Xa,T instead of pseudonatural 
transformation (J/o-.t, X<t,t), when no confusion can arise. 

(2) By the definition of 20ut^ (C) , there are several crossed systems that realize 
an incoherent G-action. 

(3) For every crossed system, without loss of generality, we can and shall assume 
that 

• e* = idc the monoidal identity functor, 

• Xe,a = Xcr,e — (-^j idcr, ) the identity pseudonatural isomorphism. 
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• oJa^e.T = idx„ -r the identity modification, 
for all a,T G G. 

Definition 3.4. Let C be a tensor category and let F : G — > 20ut^{C) be an 
incoherent outer G-action. A coherent outer G-action associated to F, is a crossed 
system ({ctIctgg, X, w) associated to F, such that for the pseudonatural isomor- 
phisms Xcr,T and the invertible modifications i-Ocr,T,p, the diagram 



(3.1 



(J^ir^iU p^^^Ut^P^^Uct ^ (T*\UT^pUrpjfj,^U(j^Tpfi 



'*{U„^r)cf*{UTp,ti.)Uc 



(7^ {U T . p)U a .T pU ar p 
■,pidu 



commutes for all a,T, p, fj, g G (where tensor symbols among objects and arrows 
have been omitted as a space-saving measure). 

Remark 3.5. For every group G, we can associate a discrete 3-category G, where 
objects are elements of G, and 



if .9 



if g ^ h. 



^ : £ X £ ^ 

The definition of a coherence outer G-action over C, is equivalent to the definition of 
a trihomorphism from G to Bieq(C) (see [10] for the definition of trihomomorphism). 

Given a crossed system associated to an incoherent outer G-action, we can define 
a monoidal bicategory. In order to describe the monoidal bicategory in a simple 
way we can suppose, without loss of generality that C is skeletal, so for every pair 
cr, T G G there is only one pseudonatural transformation x^.t • (f''')* ^ o'*Tt,, 
such that o Xcr,T = id^.r. , and Xt.t o X^.r = id(o-T). for all a,T G G. Let 
< G >C Bieq(C) be the full sub-bicategory where objects are {a*}aeG- We define 
a homomorphism of bicategories (8)g :< G > x < G >— >< G > by (j,:®gt* — (ctt)*, 
and the commutativity of the diagram 

f®g _ _ 



{(jt)^ ^ (err)* 



where / G Bieq(CT*, ct*), g G Bieq(C)(rH., r*). 
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We define a pseudonatural equivalence in the bicategory [<G>x<G>x< 
G >,< G >] by the commutativity of the diagram 



CT* o (rp)* 




Oidp 



The diagram (|3.ip define a modification 



idp o a, 



a.Tp.fi 



o id„ 



in the bicategory [<G>x<G>x<G>x<G>,<G>]. 

Since C is skeletal for every invertible object U ^ C, we can identify Autc([/) 
with Aut(/) = k* , so the modification w is identified by a map 

w : G X G X G ^ /c*. 

The modification n defines a map 

7r:GxGxGxG^>A:*, 

given by 

7r((T, r, p, p) = 5(a;)(cr, r, p, ^,),[/^„^,X<T,r (?7p,;.)(V'a;p,;7.p, J"^- 

It is straightforward to see that tt is a 4-cocycle, see [71 Subsection 8.4]. It is 
also possible to see the 4-cocycle condition directly for the nonabelian 4-cocycle 
condition 10} (TAl)] in the monoidal bicategory < G >. It is clear that if the 
chosen modification is changed, the 4-cocycle tt only change for a 4-coboundary, so 
an incoherent outer G-action defines a fourth cohomology class. 

Proposition 3.6. Let C be a tensor category. An incoherent outer G-action over 
C is coherent if and only if the associated fourth cohomology class is trivial. 

Proof. If an outer G-action is coherent, the diagram (13. ip commutes, so the map 
TT is trivial. Conversely, if there is a 3-coboundary X : G x G x G ^ G, such that 
S{X) = TT, then the modification defined by the map A^^o; defines a coherent outer 
G-action. □ 



3.3. The crossed product tensor category associated to a coherent outer 
G-action. If a group G acts over a monoidal category C, we shall define a G- 
crossed product tensor category associated to this action, denoted as C x G. We set 
C X G = 0^ Cct as an abelian category, where = C. We shall denote by [V, a] the 
object y G Cct, and a morphism from 0creG[^<^' ©ctggI^'^' expressed as 
0cr6G[/<7' ■^it^ fa-Va-s-Waa. morphism in C. 
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The tensor product - iCxCxCxG^-CxG is defined by 

[V, a] ■ [W, t] := [V (g) tr* (W) (g) Ua^r, err] for objects, and 
[/, 0-] • [5, t] := [/ (g) (7» (5) (g) id;7„,, , ctt] for morphisms. 
It is easy to see that the unit object is (/, e). The associativity is given by 



[V,a]-{[W,T]-[Z,p]) 

0![V,a],[W,T].[Z,p] 

{[V,a]-[W,T])-[Z,p] 



[V (g) (T*(l^ (g) r*(Z) Ur,p) (g) Ua,rp, C^Tp] 
{a'^^" (V,a,W,T,Z,p),<TTp\ 
[V (^a^{W) (g U^^r ® (g U^r,p,<JTp\ 



id V » a » ( w) » V"^ * ( z ) j.7t . p ® 



where a''^'^(y, cr, VF, r, p) is the composition 

V (g) cr* ( W T* (Z) (g) Ut-,^) (g C/,,,,-^ 

V (g fT,(iy) (g <j*(t*(Z) (g C/^,p) (g C/<,,^p 

y (g) cr*(W) (g (7*(r*(Z)) (g) (J^{Ur,p) (g ?7<,,T-p 

(W)lgl<r, (t, (Z)) ®W<r,r,p 

F (g> CT* {W) fT* (r* (Z)) (g (g C/<,^,p 

idv»,T* (W) 8x<T,T(»idLr„^,, 

V {W) (g C/<,,x (g (ctt)* (Z) (g J7<,i-,p 

The associativity constraint have been omitted as a space-saving measure. As we 
shall see, the coherence condition over an outer G-action, is exactly the pentagonal 
identity for C x G. 

3.3.1. Pentagonal identity for CxG. For a category V with a bifunctor ® : D x D — >^ 
V and natural isomorphisms aA,B,c '■ A^{B^C) — >■ (A (g) B) (g) G, we shall denote 
by P{A, B, C, D) the following pentagonal diagram 

A (g) (g (G (g) D)) 




(A (g) B) (g (G (g) D) 



A (g) ((B G) (g) D) 



OtA^B,C,D 



{{A ®B)^C)®D 



0'A,B%C,D 



{A®{B® C)) (g D 
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Remark 3.7. From now on, we shall denote [V] := [V,e] and [a] := [I, a], 
for all V e C,a e G. Analogously, [/] := [/, e] : [V] -> \W] for all arrow 
f -.V inC. Note that [V] ■ [a] = [V^a] and [a] ■ [V] ^ [(7^(y),a] for all 

V eC^aeG. 

In order to prove the coherence of C x G, is sufficient to see the pentagonal 
identity for the [V], [a], V E C,a E G, since every object in C x G is a direct sum 
of tensor products of [V] , [a] . 

First, see the next equahty 

(3.2) a[v,a].[w,T].[z.p] = id[\/] • a[/,cr],[Ty,r],[z,p] , 

so aiv,e],lw.T],[z,p] — id. The eight pentagonal identities of the form 
follows from p.2p . 

The pentagon P([cr], [V], [W], [t]) commutes because 

a[a].\w],[z,p] = a[a].\w],iz] •id[p]. 

The pentagons P([a], [V], [r], [W]), P([(t], [r], [p]), P(H, [r], [V], [p]) commute by 
the definition of a. 

The following table explains the commutativity of the other pentagons 



Pentagons 


Pentagonal identity equivalence 


P{[a],[V],[W],[Z]) 


(cr» , ip"^* ) is a monoidal functor 


Pi[a],[r],[V],[W]) 


{Xa-,T, U(j.t) is a pseudonatural equivalence 


Pi[a],[r],[p],[V]) 


^a,T,p is a modification 




commutativity of the diagram (13.11). 



3.4. The coherent outer G-action associated to a G-crossed product ten- 
sor category. Let C be a G-crossed product tensor category. In order to show 
more clearly the associated coherent outer G-action, we shall make some reduc- 
tions. Let we choose a family {Na^aeG of homogeneous invertible objects, where 
Ne ~ I. The family {Na-}aeG defines the equivalences of categories 

(g) (-) : Ce ^ 

f ^ f(E) idN, . 

Using these equivalences, we have an equivalence of categories 

where = Ce, for all a E G. 

Now, we can transport the monoidal structure of C to ©creG^e- Then, without 
loss of generality we can suppose that the graded tensor category C = ^^^qCct 
has the following properties: 

• Ca — Ce for all a E G (so we can and will use the same notations of the 
Remark 13. 7p , 

• the objects [a] E Ca are invertible for all a E G, 

• [V] ■ [W, a] = [V(g W, cr], for all V,W EC^.a E G. 
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For each pair a,T €z G, we have that [a] ■ [t] G Car , so there is an unique invertible 
object UcTT e Ce, such that [a] ■ [t] = [Ua,T,crT]. Analogously, the objects [a] define 
functors : Ce Ce, V ^ a^V) by the rule [a] ■ [V] = [a^{V), a] for all V G Ce, 
and idjg.] • [/] = [(t*(/), cr], for all arrow f in Ce- 

Lemma 3.8. If the category {Ce,®,I) is skeletal, then 

[V, cr] • [W, t] = [V® CJ,{W) ® Ua^r, <Jt] 

for all V,W e Ce, a,T eG. 

Proof. Since Ce is skeletal, the category C — 0^ C^ is skeletal. Then we do not 
need to parenthesize tensor products for objects in C. Also, recall that [a] ■ [V] — 
[a,{V),a] = [a,{V)] ■ [a], for all F G Ce, cr € G. 
Hence, 

[V,<j]-[W,r] = [V]-[a]-[W]-[T] 

^[V]-[a^{W)]-[a]-[T] 
= [W(g,a,iW)] ■ [U^.r^ar] 

= ^ ®a^{W)®U„,r\ ■ M 



for all e Ce, cr e G. □ 

Under this reduction and using the Lemma 13.81 we can describe the coherent 
outer G-action as the reciprocal construction of the Subsection 13.31 Suppose that 
Ce is skeletal, then the data that define the coherent outer G-action associated to 
C are the following: 

• monoidal equivalences: (cr*,'0°^*) '-Ce ^ Ce, where 

[V'^,z,cr] := a[„]^[w],[z] ■ [<y*{W ^ Z), a] ^ [cr,(T/F) ® cr*(Z), cr], 

• pseudonatural transformations: (f/o-.r, Xo-,t) '■ cr„ o t^.. ^ (err),, where 
[Xa.T{Z),crT] := Q:[cr],[r],[z] : [cr*{T.4Z)) (E)Ucr,T,crT] [Ua,T icrT)^{Z),aT], 

• modifications uj^y^Tp ■ X<T,Tpo(id<T. ®Xr,p) Xo-T,po(X(T,r®idp.), where 

[^a,r,p,cr'rp] := a[CT],[r],[p] : [<^*{Ur,p) <^ U„^rp,crTp] [Ua^r ® Uar,p,crTp]. 

4. Classification of crossed product tensor category 

In this section, we shall see that the 2-category of crossed product tensor category 
over a fixed group G, is equivalent to the 2-category of all coherent outer G-actions. 

The 0-cells of the 2-category of coherent outer G-actions are coherent outer G- 
action over a tensor category. 

Let {{a}aeG,Xj^) a-nd {{a}aeG,x' t^') be coherent outer G-actions over tensor 
categories C and V, respectively. An arrow from ({(jjo-gG) Xi '*^) to {{a}creG,x' ,^'), 
is a triple {11,6,11), where {H,ip^) : C — >■ 2? is an op-monoidal functor, iO'^ ,9^) ■ 
aoH ^ Hoa is a. pseudonatural equivalence for each cr e G, and 11 is a modification 
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arH Tr n^,^ Hot 



Out 



such that: {d^,6e) = {I, id), Ii„^e = ^e,(T = id6i„ for all a € G, and the diagram 



H{a{Ur,p))®H{U,,rp)e. 



(TT^p 

n„,,®ids^(e^)[;^^_^ 

idH([;„_^)®n„T,p 

H{Ua,T)H{UcrT,p)9arp 

H{u>a.T.p) 

'S{<T*{Ur,p)Ucr,rp)6arp 



commutes for all a,T,p € G (where tensor symbols among objects have been omitted 

as a space-saving measure). 

A 2-ccll from (11,6,11) to {H,9,H) consist of the data {ma-,m}a-eG, where m : 
H H is a monoidal natural transformation and : 9^ ^ 0^ are morphisms 
in C. The previous data are subject to the following axioms: me = id/ and the 
diagrams 



> e'JieM^, e„a{H{V)r^%d{H{V)) 



H{U^,r)9.r HiU,.,)e,r H{a{V))e^ ^ 

commute for all ct, r G G, ^ € C (where tensor symbols among objects have been 
omitted). 

Theorem 4.1. There is a biequivalence between the 2-category of coherent outer 
G-actions and the 2-category of G-crossed product tensor categories. 
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Proof. The bijective correspondence between G-crossed product tensor categories 
and coherent outer G-action was described in the Section [3l 

If r = 0,n) is a 1-cell between coherent outer G-action {{a-}^(zcXT^) ^nd 
{{a}a(^G,x' T^') over C and V respectively, then we define an op-monoidal functor 
(T, V''^) : C X G ^ 2) X G as 

• T{[V,a]) = [H{V)(E)e^,a],T{[f,a]) = ® ids, , a] for ah F e C, a £ G, 

. : Ti[V,a])-T{[W,a]) ^ T([F,a] • [W,t]), 



where 



T{[V,a])-T{[W,a] 



'/'[V,<t].[W,x] 



T{[V,a]-[W,T]) 



H{v)e,d{H{w))d{9r)u',^, 
H{v)H{a{w))e,d{er)K^, 

H{Va{W))H{U,^r)Oar 

= HiVa{W)U,,r)0.r 



(where tensor symbols among objects of C have been omitted as a space-saving 
measure). Conversely, given a graded op-monoidal functor {Tjip'^) : C x G — 
2? X G, we define a 1-cell {H,e,lV) as [H{V),e\ = T{[V,e]), [0a,cr] = T{[I,a]), 

Given a 2-cen {m^,m}^eG between 1-cells T = (iJ, 6^, H) and T' = {H',e',U'), 
we define a monoidal natural isomorphism m : T T' between the associated op- 
monoidal functors by m[y g.] = [^v ® ™ct, ct]- Conversely, given a monoidal natural 
isomorphism m:T ^ T', we define a 2-cell by [mv',e] = mjye], [?7icr,o'] = TO[/,cr]- 

Finally, in order to see that the 2-categories are biequivalent, note that every 
crossed product tensor category is equivalent to one of the form x G. So, every 
functor between C x G and I? xi G is monoidally equivalent to one induced by 
a 1-cell of the coherent outer G-action 2-category, and every monoidal natural 
transformation is equal to one induced by a 2-cell. □ 



5. Braided crossed product tensor categories 

Recall that a braiding for a monoidal category (C,(8',/,Q;) is a natural isomor- 
phism c : — > ig)T, where t:CxC^>CxC is the flip, and the hexagons 
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(5.1) 



U®{V®W) 



U ®{W ®V) — ^ {U ®W)®V 



(5.2) 




V ®{W ®V) 



commute for all U,V,W & C. 

If a G-crossed product tensor category admits a braiding, the group G must be 
abelian. So, from now on we shall suppose that G is abelian. 

Let C be a tensor category with a coherent outer G-action, such that the tensor 
category C XI G admits a braiding c. The braiding cjyj jg.] : [V,a] — > [(TH,(y),CT] defines 
natural isomorphisms cv,it ■ V — >■ cr*(y). The commutativity of the hexagon (|5.ip 
is equivalent to cv,<t is a monoidal natural isomorphism from idc to cr, . For that 
reason, if C >^ G has a braiding, we can suppose that cr, = idc for all a E G. 

Definition 5.1. A coherent outer G-action shall be called central if cr* ~ idc for 
all o- e G. 

Remark 5.2. For a central coherent outer G-action, the pseudonatural transforma- 
tions (xct.t, Uo-.t) are just elements in Z{C) (the center of C), and the modifications 
Lo are morphisms in Z{C). 

Definition 5.3. Let (C, c) be a braided tensor category, and let G be an abelian 
group. A braiding for a central coherent G-action over C is a triple {9'^ , 9 , t^^r)a,TeGj 
where 



• t 



: idc ^ idc are monoidal natural isomorphisms, 
cr,T • Xcr,T Xt.ct are isomorphisms in Z{C) for all a,T d G, 



such that 9" = 9 



id, 0J = id/, t,,,, 



id/, and the diagrams 



Z ® Ua^r ^^-^ C/^,r ® Z 




Z ® Ua,r 
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(5.4) 



(5.5) 



Z Ua,T 




'Ur,pUr p^o 



U p ^(jU (J p 



(5.6) 



U a ,tU err ,p 



Ua,pU-r f 



U p_(jUr.p(T 



commute for all a,T, p ^ Z ^ C (where tensor symbols among objects have been 
omitted as a space-saving measure) . 

Theorem 5.4. Let (C,c) be a braided tensor category with a coherent central outer 
G-action. Then, there is a bijective correspondence between braidings over C 'A G 
and braidings over the central coherent outer G-action of C. 

Proof. Let (6*, 6*, t) be a braiding for a central coherent outer G-action (x, lj). Then, 
we define a braiding over C x G by 

C[V,a].\W,T] = {CVW o {Oy ®^w)) ® ^cr.r 
= {(^W ® ^v) ° CV,w) (8) ta^r- 

Conversely, given a braiding c over C x G, we define a braiding for the coherent 
central outer G-action by 

[ey,a] := C[v],[a], [^y,(T] := C[^]^[y], and [t^-^r, ^r] := Cfo-j j^j. 

Let we denote by H{U,V,W) and H'{U,V,W) the hexagons dSH]) and (jO]) . 
respectively. Let 9°^, 6 : idc -> idc be natural isomorphisms for each a E G, and 
let tcr.T ■ Ucr_r Ur.a bc isomorphisms in C. If we set the following definitions of 
natural isomorphisms 

it is easy to see that the commutativity of ([T^], [M^], cr) and _ff ' ( [cr] , [T^] , [VF] ) 
is equivalent to 0"^ and 6 be monoidal natural isomorphisms, respectively. The 
commutativity of H'{[a], [t], [Z]) and -ff([cr], [V], [r]) is equivalent to ta,T be a mor- 
phism in Z{C). The commutativity of H{[a], [r], [Z]) and H{[Z], [a], [r]) is equiv- 
alent to the commutativity of (|5.3p and (|5.4p . respectively. The commutativity of 
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H{[a], [t], [p]) and H'[[a], [r], [p]) is equivalent to the commutativity of (|5.5|) . (|5.6p . 
respectively. 

□ 
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